We present the implementation of a fast estimator for the full dark matter bispectrum of a threedimensional particle distribution relying on a separable modal expansion of the bispectrum. The computational cost of accurate bispectrum estimation is negligible relative to simulation evolution, so the isotropic bispectrum can be used as a standard diagnostic whenever the power spectrum is evaluated. As an application we measure the evolution of gravitational and primordial dark matter bispectra in N -body simulations with Gaussian and non-Gaussian initial conditions of the local, equilateral, orthogonal and flattened shape. The results are compared to theoretical models using a 3D visualisation, 3D shape correlations and the cumulative bispectrum signal-to-noise, all of which can be evaluated extremely quickly. Our measured bispectra are determined by O(50) coefficients, which can be used as fitting formulae in the nonlinear regime and for non-Gaussian initial conditions. In the nonlinear regime with k < 2h Mpc −1 , we find an excellent correlation between the measured dark matter bispectrum and a simple model based on a 'constant' bispectrum plus a (nonlinear) tree-level gravitational bispectrum. In the same range for non-Gaussian simulations, we find an excellent correlation between the measured additional bispectrum and a constant model plus a (nonlinear) tree-level primordial bispectrum. We demonstrate that the constant contribution to the non-Gaussian bispectrum can be understood as a time-shift of the constant mode in the gravitational bispectrum, which is motivated by the one-halo model. The final amplitude of this extra non-Gaussian constant contribution is directly related to the initial amplitude of the constant mode in the primordial bispectrum. We also comment on the effects of regular grid and glass initial conditions on the bispectrum.
Observations of the cosmic microwave background (CMB) [1] [2] [3] [4] and large scale structure (LSS) [5, 6] are currently consistent with Gaussian primordial cosmological perturbations. Much effort has been undertaken in recent times to constrain a possible non-Gaussian contribution. Detection of a significant primordial bispectrum or trispectrum would have major implications for the mechanism of inflation, possibly ruling out the simplest paradigm of canonical single-field slow-roll inflation. Given this possibility, the importance of developing methods that discriminate between the plethora of inflationary models is clear. Such general methods have been developed in the case of the CMB in [2, 4, [7] [8] [9] . This work exploited the use of a separable expansion of the underlying bispectrum or trispectrum in order to greatly reduce the computational cost involved in analysing general shapes.
The CMB bispectrum is currently the most powerful and direct probe of primordial non-Gaussianity, and higher resolution temperature and polarisation data will soon be available from Planck. Nevertheless, interest in the possibility of using observables of large scale structure to test primordial non-Gaussianity has undergone a recent resurgence, due in part to the potentially three dimensional nature of the dataset as a result of its redshift dependence. In particular, the scale-dependent bias induced by non-Gaussian local initial conditions on the halo power spectrum has been shown in [10] to offer an additional and powerful probe. Much work has been undertaken to improve analytic predictions for the impact of non-Gaussian initial conditions on the matter and galaxy power spectrum and bispectrum (see for example [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] and references therein). In [6, 22] constraints on localtype non-Gaussianity were found at levels competitive with those obtained using CMB data. Despite these advances it is notable that until recently only local type non-Gaussianity had been studied using large-scale structure, owing to the difficulty in generating generic initial conditions. This situation greatly improved due to work by Wagner and Verde [23, 24] and work by Scoccimarro et al. [25] . However, both of these approaches become inefficient for non-separable bispectra. In [26] the possibility of using the separable expansion method, exploited to great effect in the case of the CMB [2] , was explored. This approach was verified in [27] to allow for a far more efficient generation of non-Gaussian initial conditions than had previously been possible in the literature. Furthermore, the separable decomposition methodology allows for the study of non-separable shapes. This has allowed for a robust and truly general approach towards the generation of primordial non-Gaussian initial conditions for use in N -body simulations. In this paper we exploit this approach to set up and run N -body simulations with non-Gaussian initial conditions. In particular, we study initial conditions given by local, equilateral, orthogonal and flattened bispectra, respectively. We choose the flattened (or trans-Planckian) model as an explicit example of an inherently non-separable bispectrum. We exploit the modal method to efficiently and accurately reconstruct the full 3D matter bispectrum at each redshift of interest for each of these non-Gaussian models. This allows us to correlate the results of the N -body simulations with analytic estimates, allowing us to identify clearly the regime at which nonlinear corrections become important. This applies first to accurately determining the gravitational bispectrum well into the nonlinear regime, which is necessary in order to differentiate the more subtle impact of primordial non-Gaussianity. The correlation measure proves useful in distinguishing the different primordial shapes. We also thoroughly test the impact of starting N -body simulations using either glass or regular grid initial conditions. We emphasise that our purpose here is to study the detailed nature of the underlying matter bispectrum derived from N -body simulations. These methods can be equally applied to efficiently extract the galaxy bispectrum from huge survey data sets or to predict the halo bispectrum from simulations in a realistic observational context, but this will be the subject of future work.
The paper is organised as follows. In Section II we review the generation of non-Gaussianity due to nonlinear gravitational evolution, together with the physicallymotivated models we will use to describe our results. In Section III we review primordial non-Gaussianity, introduce the specific models studied in this paper and discuss their impact on the matter bispectrum, proposing a new time-shift model. In Section IV we discuss the bispectrum estimation methodology based on a separable expansion which allows extremely efficient estimation of the full N -body bispectrum, as well as the cumulative signal-to-noise and its correlation to theoreticallypredicted bispectra. We discuss the simulation setup, impact of glass initial conditions, validations and convergence tests in Section V. In Section VI we present our results for the gravitational bispectrum and the simple fits thereof, while primordial bispectra in non-Gaussian simulations and their fits are discussed in section VII. Finally, in Section VIII we present our conclusions. Readers familiar with the modal methodology and interested primarily in the measured bispectra and testing of various fitting formulae may wish to start with Section VI and follow the references to the earlier sections given there.
II. THE DISTRIBUTION OF MATTER Power spectrum and transfer functions
The distribution of matter in the universe can be described by its fractional overdensity δ(x) = (ρ(x) −ρ)/ρ, whereρ is the spatial average of the density ρ(x). An important prediction of cosmological models is the probability of finding a certain configuration δ(x) in the universe. The simplest possibility is a Gaussian pdf, which is determined by the two-point correlation function, or in Fourier space by the power spectrum P δ ,
Here we assumed statistical homogeneity, leading to the Dirac delta function, and statistical isotropy, which implies that the power spectrum only depends on the magnitude of the wavevector.
Perturbations from inflation are usually described by the comoving curvature perturbation R, which is related to the primordial potential Φ by Φ = −3R/5, in linear perturbation theory during matter domination. The density perturbation δ can be obtained using the linear Poisson equation
where T (k) is the linear transfer function at low redshift normalised to T (k) = 1 on large scales and calculable with CAMB [28] , and D(z) is the linear growth function for Ω rad = 0 [29] normalised to D(z) = 1/(1 + z) during matter domination. Later we will also find it convenient to use the growth function normalised to unity today, D(z) = D(z)/D(0). At late times and on small scales, the linear treatment breaks down and N -body simulations must be used to find the nonlinear transfer of primordial to late time perturbations. A widely used fit of the nonlinear power spectrum is HALOFIT [30] , which is included in CAMB [28] . However, in our own bispectrum analysis we will generally use the actual nonlinear power spectrum measured from the N -body simulations.
Matter bispectrum
At late times, the model of a Gaussian pdf for the density perturbation is over-simplified because nonlinear gravitional collapse will lead to higher order correlations. To study deviations from Gaussianity, it is useful to consider the bispectrum B δ (or three-point correlator transform), which is defined by
assuming again statistical homogeneity and isotropy. The Dirac delta function imposes a triangle constraint on the bispectrum arguments k 1 , k 2 , k 3 . The space of triangle configurations is sometimes called a tetrapyd [8] and is shown in Fig. 1 . Additionally to the triangle constraint, we impose a cut off at k max , corresponding to the smallest scale under consideration. The bispectrum shape, i.e. its dependence on the wavenumbers k i , gives important information about the physics which induced the bispectrum. Not only does it help to disentangle late time non-Gaussianity, e.g. induced by nonlinear gravitational collapse, from primordial inflationary nonGaussianity, but it also opens the intriguing possibility of distinguishing between different inflationary models. To see this explictly we will review the perturbative treatment of such non-Gaussianities in the following sections.
Tree-level gravitational matter bispectrum
The equations of motion for a perfect pressureless fluid in a homogeneous and isotropic universe contain nonlinearities, which induce a non-vanishing bispectrum (see e.g. [31, 32] for details). Specifically these are the ∇·(δv) term in the continuity equation and the (v · ∇)v term in the Euler equation, where v is the peculiar velocity, which describes deviations from the background Hubble flow. To see how these terms induce a non-Gaussian density perturbation one makes a perturbative ansatz for the density perturbation (see [31] for a review) Figure 1 . Space of triangles with sides k1, k2, k3, i.e. each point inside the tetrapyd volume corresponds to a triangle configuration. Squeezed, folded and equilateral configurations are highlighted.
and similarly for the peculiar velocity, which is assumed to be described completely by its divergence, θ ≡ ∇ · v. Then the equations of motion imply (see [31] and references therein)
and determine the kernels F (s)
n , e.g.
(6) Here the first and second terms come, respectively, from δ ∇ · v and v · ∇δ in the continuity equation, while the last term comes from (v · ∇)v in Euler's equation [32] .
At high redshift, the expansion (4) is dominated by
. If we assume δ 1 to be Gaussian, the leading order contribution to the gravitational bispectrum is given by [33] 
where P L δ is the power spectrum of the linear perturbation δ 1 .
To discuss the shape of this gravitational bispectrum let us consider two-dimensional slices through the tetrapyd shown in Fig. 1 , with k 1 + k 2 + k 3 = const. We denote one side of these two-dimensional triangular slices as α and parameterise the other direction with β.
1 A slice through the gravitational bispectrum (7) is shown in Fig. 2a (see [34] for more slices at slightly different length scales). The bispectrum is maximal at the edges of the plot, corresponding to flattened triangle configurations, where k 1 + k 2 = k 3 or permutations thereof, i.e. where the wavevectors k i are parallel or anti-parallel to each other. However there is a suppression in the corners of the plot, corresponding to squeezed triangle configurations with k 1 k 2 ≈ k 3 or permutations thereof. Non-flattened and equilateral triangle configurations in the centre of the plot are also suppressed. This tree level gravitational bispectrum is also illustrated in Fig. 3 as a function over the full tetrapyd.
To understand the basic shape of the gravitational bispectrum (7) we plot in Fig. 2b the expression 2P L δ (k 1 )P L δ (k 2 ) + 2 perms, which corresponds to replacing F (s) 2 in (7) by a constant. Comparing Fig. 2b with Fig. 2a shows that the configuration dependence of the 1 Details can be found in [7] . The slice parameters α, β should not be confused with the expansion coefficients α {Q,R} n and β {Q,R} n to be defined later. kernel (6), which is induced by the terms containing scalar products, leads to an enhancement of flattened and particularly folded configurations, where two of the wavevectors k i equal each other. Non-flattened configurations are relatively suppressed. As we go along the edge of the plot in Fig. 2a , from folded (k 1 = k 2 = k 3 /2 or permutations) to squeezed configurations (k 1 k 2 ≈ k 3 or permutations), the bispectrum shape reflects the shape of the power spectrum P L δ , which peaks at k eq ≈ 0.02h/Mpc and then decreases with decreasing
Further discussion is required in the squeezed limit, where k 2 ≈ −k 3 . Let us consider the regime where (7) is small since the small scale power spectra decrease rapidly with increasing k 2 , k 3 and F (s) 2 (k 2 , k 3 ) vanishes for k 2 = −k 3 . The other two permutations in (7) depend on the angle between the large-scale wavevector k 1 and the small-scale wavevectors k 2 , k 3 . First consider the case where the large scale is approximately perpendicular to the two small scales, i.e.
decrease as we approach more squeezed triangles, implying a suppressed bispectrum in the squeezed limit. In the other limit, the large-scale wavevector k 1 is not orthogonal to the small scale wavevectors, and so is aligned with one or other of k 2 , k 3 . Then the squeezed limit
→ −∞, which can be seen in Fig. 2c . However, in the sum
the two terms containing k −1 1 divergences in the kernel approximately cancel, because k 2 ≈ k 3 and k 1 · k 2 ≈ −k 1 · k 3 . Also in the limit k 1 → 0, the divergences of the kernels are regulated by the large scale power spectrum because k
on very large scales. Fig. 2a shows that the divergences are indeed cancelled in the total bispectrum (7) and the squeezed limit is suppressed if the large-scale wavenumber satisfies k 1 < k eq .
Gravitational matter bispectrum beyond tree level

Loop corrections
The tree level prediction for the gravitational matter bispectrum (7) is only a good approximation on large scales and can be improved by including so-called loop corrections, which were derived for Gaussian initial conditions in [32] and extended to include non-Gaussian initial conditions in [11] . Important loop corrections can be included simply by replacing the linear power spectrum P L δ by the nonlinear power spectrum P δ in the tree level Figure 2 . Two-dimensional slices of (a) the leading order gravitational bispectrum B grav δ from (7), (b) the expression 2P L δ (k 1 )P L δ (k 2 ) + perms and (c) the kernel F (s) 2 defined in (6) (with cut-offs in the squeezed limit where the kernel diverges). All slices are at fixed k 1 + k 2 + k 3 = 0.24h/Mpc and we restrict the plot to k i ≥ 0.0013h/Mpc, corresponding to a 5000Mpc/h box. The linear power spectra are evaluated at z = 30.
expression (7) for Gaussian initial conditions, that is,
We will find the expression (8) to be a key approximation to the full gravitational bispectrum as we probe beyond the mildly nonlinear regime later. Of course, this omits several loop corrections containing powers of F (s) 2 or higher order kernels, but it is easy to evaluate with the nonlinear power spectrum from CAMB [28] . We will discuss further loop corrections much more quantitatively in a forthcoming publication [35] .
Halo models
At sufficiently small scales, well probed by our simulations, the perturbative treatment breaks down and simulations and phenomenological models must be used. In the strongly nonlinear regime the halo model can be used as a phenomenological model for the dark matter distribution (see [36] for a review). Recently in Ref. [37] it was demonstrated that combining 1-loop perturbation theory with the halo model describes the matter bispectrum in simulations at the O(10%) level on nonlinear scales for equilateral and isosceles bispectrum slices. Similar results were obtained in Ref. [38] , where local non-Gaussian initial conditions were also considered and compared with simulations for k ≤ 0.3h/Mpc at z ≤ 1. In the mildly nonlinear regime, when the approximation that all dark matter particles are inside halos is no longer valid, the halo model becomes less accurate than in the strongly nonlinear regime. It should also be noted that important ingredients of the halo model like the halo density profile and halo mass function cannot be derived analytically but are obtained from fits to N -body simulations.
In detail, the halo model prediction for the dark matter bispectrum is given by three contributions corresponding to the three cases that the three points of the three point function lie in one, two or three halos (see e.g. [36] [37] [38] ):
where
Here n(m) is the mass function andρ(k, m) is the Fourier transform of the density profile of a halo of mass m, i.e. for spherically symmetric density profiles (like the commonly used NFW profile [39] )
P h and B h denote the halo power spectrum and bispectrum, which can be related to the tree level dark matter power spectrum and bispectrum on large scales using bias relations.
Constant 'halo' model
As we consider the more strongly nonlinear regime, k ≥ 1h/Mpc at z = 0, the halo model bispectrum is dominated by the 1-halo contribution B 1H . Neglecting the overall bispectrum amplitude, we find that in this regime the 1-halo shape for Gaussian initial conditions can be approximated by a simple constant bispectrum,
Here, 'constant' refers to constancy on k 1 + k 2 + k 3 = const. slices (see [7] ), noting that this is a bispectrum typical of isolated point-like objects (e.g. particles randomly distributed in a box have a completely constant shot noise bispectrum). The expression (14) has an overall wavenumber scale-dependence with exponent ν and a time-dependence on the linear growth functionD(z) with halo exponent n h . The wavenumber scaling ν ≈ −1.7 is chosen such that it approximately reflects the scaling for equilateral triangle configurations in this regime as measured in our simulations (and which is approximately predicted by the halo model for Gaussian initial conditions [37, 38] ). The exponent n h is similarly defined by the fast growth factor appropriate for the halo model for the scales under study 0.2h/Mpc k ≤ 2h/Mpc, typically with n h ≈ 6-8. For k max = 2h/Mpc and z = 0, this simple model achieves a shape correlation of 99.7% with the 1-halo contribution B 1H and 99.3% with the full halo model bispectrum (9) .
In later sections, we will note that (14) provides an excellent approximation to the late-time bispectrum in the nonlinear regime when we use it in a simple fitting formula together with the modified tree-level gravitational bispectrum (8) . We shall investigate the other halo contributions in more detail elsewhere [35] .
As we shall see, on smaller nonlinear scales (large k > 1h/Mpc) the fast bispectrum growth begins to slow down by the present day z = 0. In this case, we should really replace the power law growth D n h (z) for the constant mode using a more general growth factor T (k, z, z i ), where the 'slice' or 'average' wavenumber
For future reference, it is convenient to use this growth rate in a more general integral form of the 'constant' model (14) , that is,
where z i is the redshift at which this rapid 'halo' growth takes hold (it has an implicitk dependence). The quantity B init const (k, z i ) represents the initial condition at z = z i for the constant part of the bispectrum. Naively, we might take this to be
that is, the equilateral or constant part of the tree-level gravitational bispectrum (7) at z = z i . However, to date, determining the amplitude of this initial constant bispectrum has relied on simulations. We will use this simple model to characterise both the time-and scaledependence of the gravitational bispectrum, as well as primordial non-Gaussianity as we approach the strongly nonlinear regime.
Alternative phenomenological fit
An alternative description of the gravitational matter bispectrum in the non-perturbative regime was proposed in Ref. [13] , who constructed a fitting formula which interpolates between the perturbative prediction on large scales and a local-type bispectrum on small scales, which was suggested by early simulations. In their terminology, the small-scale bispectrum was denoted as a 'constant reduced' bispectrum, which implies that it takes the same form as the local shape B δ ∼ P δ (k 1 )P δ (k 2 )+perms, in contrast to the constant shape (14) above. Recently Ref. [14] extended this fitting formula with updated simulations into mildly nonlinear scales 0.03h/Mpc ≤ k ≤ 0.4h/Mpc at 0 ≤ z ≤ 1.5.
We review for the sake of completeness this phenomenological 9-parameter fit, for which we will test the regime of validity. The linear power spectrum in (7) is replaced by the nonlinear one P δ , and the symmetrised kernel F (s) 2 is replaced by
In these formulae, n represents the slope of the linear power spectrum at k, i.e. n = d ln P L δ (k)/d ln k (with an additional spline interpolation as described in [14] 
2 ) = 1, and the function Q 3 (n) is given by
The best-fit values for the free parameters a 1 − a 9 were found by simulations [14] ), other models can yield large non-Gaussianities with f NL > 1 (see e.g. [40] [41] [42] [43] [44] for reviews). Such models can be distinguished if they induce different bispectrum shapes, i.e. different dependencies of the bispectra on the momenta k 1 , k 2 , k 3 as illustrated in Fig. 3 . However, before reviewing primordial bispectrum shapes we describe how primordial non-Gaussianity changes the dark matter bispectrum.
Primordial contribution to the matter bispectrum
Let us assume that an inflationary model produces a primordial bispectrum B Φ with nonlinear amplitude f NL , i.e.
From the linear Poisson equation (2) we see that the primordial contribution to the matter bispectrum is given at leading order by
which is valid on large scales. A simple improvement to the tree level shape which incorporates some loop corrections can be obtained with the nonlinear power spectrum P δ :
2 Non-linear corrections to the mapping between R and Φ, which are not taken into account here, induce an additional bispectrum of Φ, which is however smaller than the primordial contributions considered here [42] .
where P Φ (k i ) refers to the primordial power spectrum at some early time in matter domination. As will be demonstrated later in this paper, this shape can be used to obtain simple fitting formulae for the primordial contribution to the matter bispectrum. A more systematic but also more cumbersome approach is to include loop corrections, which become important on small scales [11, 12] . We shall calculate more of these contributions in a subsequent paper and test their correspondence to the N -body simulations [35] . We note that, while the time dependence of the tree level gravitational bispectrum (7) 
, implying that it is easier to extract the primordial contribution to the dark matter bispectrum at early times. The simulations and fitting formulae discussed later will show that the gravitational bispectrum also grows faster than the primordial contribution in the strongly nonlinear regime (also by a factor of roughly D(z)).
Non-Gaussianity as a halo model time-shift
At sufficiently small scales the perturbative treatment breaks down and simulations and phenomenological models must be used. The phenomenological halo model prediction for local non-Gaussian initial conditions was computed in [38] by incorporating modified expressions for the halo model ingredients in presence of local nonGaussianity. While first tests by [38] demonstrate that this approach works well for some one-dimensional bispectrum slices in the mildly nonlinear regime, k ≤ 0.3h/Mpc and z ≤ 1, comparisons to simulations in the strongly nonlinear regime have not been undertaken to date.
An alternative phenomenological model we propose here is to note that the primordial bispectrum can also contribute to the halo model bispectrum as an initial offset or time-shift. As we have seen the 1-halo model is highly correlated with the simple 'constant' bispectrum we described earlier (14) . The key point is that this constant halo contribution grows much more rapidly than both the tree-level primordial bispectrum (24) or the tree-level gravitational bispectrum (7) . Consequently, if the primordial bispectrum has a significant positive (or negative) constant component, then this can act as an initial condition for the halo bispectrum; the faster halo amplification growth will start earlier (or later) by a time or redshift offset ∆z. The constant part of the primordial signal, then, will participate in the halo bispectrum growth and can be amplified much faster than expected from the tree-level result (24) or even with loop corrections (25) . If this physical picture is correct, then the primordial constant contribution can be described perturbatively around the constant halo bispectrum (14) by (7) or (24), separable expansion of the tree level theory (44) and estimated bispectrum from N -body simulations (56) (for simulations G512b, Loc10, Eq100, Orth100 and Flat10 from top to bottom). The plots show signal to noise weighted bispectra (as on the left hand side of (44)) on the tetrapyd domain in Fig. 1 , evaluated at redshift z = 30 for 512 3 particles in a box with L = 1600Mpc/h. The opaqueness of the points reflects the absolute value of the signal to noise weighted bispectrum (values close to 0 are completely transparent). Colors and transparency are consistent within each black cell but differ across different black cells. The plot axes are k 1 , k 2 , k 3 ≤ 0.5h/Mpc. For better visibility we do not plot points with k 1 + k 2 + k 3 > 2kmax (corresponding to the green region in Fig. 1 ).
expanding the growth factor
We determine ∆z by matching the projection of the total measured bispectrumB δ on the constant shape B grav δ,const in the Gaussian and non-Gaussian simulations:
From simulations, the time shift ∆z and the corresponding shift of the growth function, ∆D = dD(z) dz ∆z, are both found to vary over time at most by a factor of 2 for redshifts 10 z 1 for local, equilateral and flattened initial conditions (to the extent to which this can be tested by linearly interpolating the limited number of output redshifts at which the bispectrum was measured). Provided ∆D is time-independent this perturbation of the simple 'constant' model (14) means we should be able to model the halo contribution from the primordial perturbation as
where we expect n prim h = n h − 1 from (26) and again ν ≈ −1.7. The fitting parameter c 2 will be related to the correlation between the primordial shape 3 and the constant model at the time at which halos form for the length scale under consideration. Different non-Gaussian bispectrum models should show consistent behaviour in the nonlinear regime depending on the relative magnitude of their constant component. We shall define these quantities more precisely after introducing the bispectrum shape correlator in the next section, but (28) will be an important component in our later fitting formulae for primordial non-Gaussianity.
The simple power law in the linear growth function D(z) used to model the time dependence of the constant halo bispectrum can of course be extended to more general functions of time (16), whose time derivative would then enter in the expansion (26) . The results presented later show that the overall normalisation of the simple fits can be improved by a more general modeling of the time dependence (reducing the overall growth rate in the strongly nonlinear regime). In this case, we can consider a time-shift for the more general 'constant' model (16)
where we neglect higher order terms assuming them to be subdominant. We can determine the time-shift ∆z by determining the magnitude of the constant part of the primordial bispectrum at z = z i . While more sophisticated models of the time evolution are left for future work, we note that the correlation with the measured bispectrum shape cannot be improved much, because simulations are so well described by a combination of the 'constant' shape (28) and the modified tree-level gravitational shape (25) used in the fitting formulae presented later.
Primordial bispectrum shapes from inflation
Local shape
The fiducial f NL model of primordial non-Gaussianity is the local model [45] , which is described in this way because it can be generated simply by squaring a Gaussian field Φ G in real space,
where Φ 2 G denotes an average over x space and ensures that the average perturbation is zero. The resulting bispectrum takes the form (31) which is illustrated in Fig. 3 and peaks at squeezed triangle configurations, where one wavenumber is much smaller than the other two. Multiple field inflation models are one potential source of this shape (for a review see [40] ). If a bispectrum signal in the squeezed limit is detected, then this will rule out all canonical single field models of inflation [46] [47] [48] .
Equilateral shape
Higher derivative operators in the inflationary action, arising e.g. in DBI inflation [49] and in effective field theory approaches [48, 50] , produce a shape that can be approximated by the separable equilateral template [24, 40, 51 ]
which peaks in the equilateral limit,
For equilateral triangles with k 1 = k 2 = k 3 summing up the corresponding three plane waves, j Φ(k j )e ikj x , gives filamentary overdensities, i.e. overdense cylinders along the direction perpendicular to the plane of the triangle of (k 1 , k 2 , k 3 ), surrounded by underdensities (as motivated in Ref. [52] ). A primordial equilateral shape from higher derivatives, therefore, must be distinguished carefully from the stronger equilateral and (highly correlated) constant contribution produced at late times by nonlinear gravitational collapse and the emergence of filamentary and point-like structures (see e.g. [31, 33] ). We will confirm this expectation by measuring the bispectrum in N -body simulations.
Orthogonal shape
Another shape that can arise from single field inflation is the orthogonal shape [53] , which is roughly orthogonal to the equilateral and the local shape and peaks (with opposite sign) for both equilateral and flattened/elongated triangle configurations (k 3 = k 1 + k 2 ). It can be approximated by the separable template [53] B orth Φ
Being orthogonal to the equilateral shape, the constant mode is relatively suppressed, a fact which will be important in later discussions. We note that all the shapes above (31)-(33) are written explicitly as the sum of separable functions of the wavenumbers k 1 , k 2 , k 3 .
Flattened shape
A non-Bunch-Davies vacuum leads to shapes which peak for flattened/elongated (k 1 + k 2 = k 3 ) and folded (k 1 = 2k 2 = 2k 3 ) triangle configurations 4 [40, [54] [55] [56] . This flattened shape depends on terms such as [54] . Therefore it provides an important example of a bispectrum which is inherently nonseparable, so it is computationally difficult to generate initial conditions for this shape and to extract its amplitude from data. We will use an expansion in separable modes to solve both problems [7, 8, 26, 27] . Of course, there is a divergence for elongated triangles, k 3 = k 1 +k 2 , which must be removed with a physically motivated cutoff. For definiteness we use the same shape and cutoff as was used for the CMB in [2, 7] , setting B = 0 for
and permutations, and then smoothing on k 1 + k 2 + k 3 = const. slices with a Gaussian filter with FWHM of 0.03
It is worth noting that the equilateral and orthogonal templates are separable approximations of inflationary shapes, with good agreement where the primordial bispectrum signal peaks. However late time observables may be sensitive to suppressed triangle configurations for which template and physical shape may differ significantly (e.g. scale dependent halo bias mainly depends on the squeezed limit of the bispectrum [24, 57] ). The methods described below enable us to simulate and estimate physical non-separable bispectra without using such separable templates. However we do not expect significant differences for the dark matter bispectrum, because its peaks are well approximated by the separable templates. For this reason and for easier comparability with other simulations, we use the equilateral and orthogonal templates instead of the physical shapes. Future work, especially on the power spectrum and bispectrum of halos, will instead focus on the physical shapes.
IV. BISPECTRUM ESTIMATION METHODOLOGY fNL estimator
If our theoretical model is that the density perturbation δ has power spectrum P δ (k) and bispectrum f th NL B th δ , then the maximum likelihood estimator for the amplitude of this bispectrum in the limit of weak non-Gaussianity is given by [26, 27] 
where δ is the observed density perturbation. If this has a bispectrum B obs δ , i.e.
then the expectation value of (34) is given by
where dV k ≡ dk 1 dk 2 dk 3 , V B is the tetrahedral domain allowed by the triangle condition on the wavenumbers k i , and V is a volume factor given by V = (2π)
fixes the normalisation such that
Shape and size comparisons
Eq. (36) motivates the definition of a scalar product between two bispectrum shapes [26, 58] ,
which can be normalised to a number between −1 and 1 by defining the cosine or shape correlation
If two theoretical bispectra B 1 and B 2 have a small shape correlation, |C(B 1 , B 2 )| 1, the optimal estimator for f B1 NL will perform badly in detecting f B2 NL and vice versa. Therefore the shape correlation is a useful measure of the similarity of bispectrum shapes.
To measure the total integrated size of a bispectrum we define the squared norm as the cumulative signal to noise squared of the bispectrum [2, 51] ,
which equals the quantity (S/N ) 2 B in [17] . The symmetry factor s B is 6 if k 1 = k 2 = k 3 , 2 if only two k i equal each other and 1 if all k i are different from each other. To obtain the expression on the right hand side of (40) we assumed that different Fourier modes are uncorrelated, 6 Performing the angular integrals shows for arbitrary
which corrects for a factor of (2π) 3 missing in [26, 27] .
, and we only took the Gaussian contribution to the bispectrum noise into account, i.e.
It is also convenient to normalise the total integrated bispectrum size with respect to the linearly evolved local bispectrum defined in (31) and (24) (see [2] for a similar quantity in the CMB context):
We use the linearly evolved local bispectrum without loop corrections to obtain an expression which can be easily evaluated. Using definitions (39) and (40), the expectation value (36) can be rewritten in the intuitive form
Therefore the bispectrum amplitude f NL can be interpreted as the projection of the observed bispectrum shape on the theoretical bispectrum shape, which is given by the cosine of the shapes times the ratio of their norms.
Separable mode expansion for fast fNL estimation
Evaluating the estimator (34) is computationally very expensive because it requires O(N 6 ) operations for a grid with N points per dimension (typically N = O(10 3 )). For an efficient evaluation we expand the signal to noise weighted theoretical bispectrum in the separable form
where {rst} denotes a symmetrisation over the indices, and a partial ordering has been introduced to enumerate the modes (for a fuller description see [8] ). The expressions q r could be any set of independent one-dimensional basis functions. For definiteness we choose q r to be polynomials of order r defined in [8] and choose the slice ordering defined in Eq. (58) of [8] . We truncate the modal expansion (44) after n max = O(50) modes, which provides an accurate representation for the shapes we are considering as illustrated in Fig. 3 , which compares theoretical bispectra on the left with truncated expansions in the centre (and bispectra measured in N-body simulations on the right). More quantitative discussions of the error induced by the truncation of the expansions will be provided later in terms of shape correlations. The separable expansion (44) allows us to write the estimator and its expectation value in the form
and
This form of the estimator can be evaluated efficiently because it involves only Fourier transforms and one three-dimensional integral over position space, leading to O(N 3 ) operations. To motivate the choice of the prefactor in the expansion (44) let us transform to basis functions R n (k 1 , k 2 , k 3 ) that are orthonormal on the tetrapyd domain, R n , R m noweight = δ nm , with respect to the unweighted scalar product
From n α Q n Q n = n α R n R n and Eq. (44) we find that
where the contributions
to the full bispectrum are orthonormal with respect to (38) . Thus the expansion coefficients α R n measure the size of contributions to the bispectrum which are orthonormal with respect to the signal to noise weighted scalar product (38) .
As a side remark, note that in contrast to the signal to noise weighted scalar product (38) induced by the estimator expectation value, the weight of the scalar product (49) is time-independent and does not depend on the range of scales under consideration. Therefore we can use the same set of orthonormal polynomials R n at any time and for all length scales. If the expansion (44) does not converge as well as for the applications considered here, different (separable) scalar product weights can be used to orthonormalise the R n 's.
Fast modal bispectrum estimator
Importantly the separable mode expansion allows us not only to measure f th NL efficiently for any given theoretical bispectrum, but it also allows us to reconstruct the full bispectrum in a model-independent manner by measuring a set of independent f NL 's and summing up the corresponding contributions to the bispectrum [26, 27] . To see this, note that the transformation
T . Plugging this into (45) giveŝ
with
where the index n labels the combination r, s, t. If B 
Equations (52) and (54) imply
Therefore we can estimate the full bispectrum with [26, 27] 
where B R n is given by (51) . Intuitively the coefficients β R n measure the components of the orthonormal basis bispectra B R n in the data andB δ measures the projection of the bispectrum on the subspace of bispectra spanned by the B R n . This approach is extremely efficient with the calculation of each β The primordial contribution to the matter bispectrum will be extracted by measuring the difference of the bispectrum between non-Gaussian and Gaussian initial conditions,B
As will be discussed in more detail later, the difference is computed seed by seed to reduce error bars. The time-dependence of the expansion coefficients α R n and the β R n coefficients can be read off from (44) 
0 for primordial bispectra, assuming tree level perturbation theory where P δ ∝ D 2 (z). In practice we must use the nonlinear power in (44) and (47) Fig. 14a , which will be discussed in more detail later).
Fast modal bispectrum correlations
To analyse the reconstructed bispectrum and to control the accuracy of the separable method, the following shape correlations are computed using (39):
Here B δ sim denotes the average of (56) over independent simulations and we truncate all sums appearing in the above expressions and in (56) after n max modes. The first shape correlation measures how well the separable expansion (44) of the theoretical bispectrum approximates the theoretical bispectrum. The second shape correlation quantifies how well the estimated bispectrum B δ sim agrees with the separable expansion of the theoretical bispectrum. The product of these two shape correlations gives the shape correlation between the reconstructed bispectrum and the theoretical bispectrum.
Cumulative measures of non-Gaussianity
Additionally to these shape correlations we will also compare the projections (52) of the measured bispectrum on theory bispectra, as well as the cumulative signal to noise of the average reconstructed bispectrum, which can be expressed in terms of the measured average β R n sim
The norm was defined in (40) using the cumulative signal to noise squared of the bispectrum. As a consistency check we check if (61) also measures the cumulative signal to noise squared of the β R n coefficients. The theoretical covariance of β R n involves the 6-point function of the density perturbation. Taking only the Gaussian contribution into account and assuming that different Fourier modes are uncorrelated we find
This predicts σ β R n = 6(2π) 3 for Gaussian simulations and therefore confirms that (61) measures the cumulative signal to noise of the reconstructed bispectrum. We confirmed the prediction for σ β R n quantitatively in Gaussian simulations, but we have not assessed non-Gaussian corrections to the predicted noise (see e.g. [59] ). Note that our plots show 1σ sample standard deviations obtained by running realisations with different random number seeds.
Towards experimental setups
For the bispectrum measurements presented below we will drop the second term in the square brackets in (53), i.e. we assume that different modes of the density perturbation are uncorrelated, δ k δ k ∝ δ D (k + k ), which is true for a statistically homogeneous field. In experimental setups, which are not considered here, off-diagonal mode couplings from inhomogeneous noise can be incorporated in (53) with the linear term M M M , without affecting the efficiency of the bispectrum estimator (56) . Ref. [59] explores how modifications to the denominator of the estimator (34) in presence of off-diagonal mode couplings can be incorporated efficiently with modal expansions and an implementation for CMB experiments has been developed successfully.
Comparison to other bispectrum estimators
An alternative way to reconstruct the bispectrum is to estimate the three-point correlation function directly, 8 Alternatively using n (β R n ) 2 sim would add undesirable contributions from the variances of the β R n , which become relevant if the measurements are not signal-dominated. taking a subset of all possible triangle configurations that yields the desired accuracy of the bispectrum [12, 14, 25] . In contrast our estimator takes all possible triangle configurations into account in a very efficient way, so that the bispectrum can be measured on the complete range of scales that were included in the N -body simulation. For example, with our method the extraction of the bispectrum of a 1024
3 grid takes about one hour on 6 cores, which is only a small fraction of the time required to run an N -body simulation of this size. Moreover our estimator compresses the information about the shape of the bispectrum, which is a function of the whole threedimensional tetrahedral domain allowed by the triangle condition, to n max numbers β R n , where n max is the number of basis functions used in the expansion (44) . This simplifies further processing of the bispectrum, e.g. for comparisons with theoretical models and for obtaining fitting formulae. Once β R n is measured from the data, we can not only obtain the full bispectrum with (56), but we can also calculate full three-dimensional shape correlations, the cumulative signal to noise and the nonlinearity parameter f th NL associated to any theoretical bispectrum B th δ without additional computational cost, using (59), (61) and (52), respectively. In presence of inhomogeneous noise we can in principle include off-diagonal covariance elements δ k δ k in a straightforward way. Finally our approach allows us to estimate the trispectrum efficiently [26] , which has been shown for a class of trispectrum shapes in [27] (see also [4, 9] ), but we leave the application to N -body simulations for future work.
Bispectrum visualisation
Often in the literature the bispectrum is visualised by plotting one-or two-dimensional slices through the tetrapyd shown in Fig. 1 . E.g. the plots in [58] correspond to two-dimensional slices through the tetrapyd obtained by varying k 2 and k 3 at fixed k 1 and removing the k 3 > k 2 part of the slice by symmetry. Some plots in [7] and in this paper show two-dimensional tetrapyd slices with k 1 + k 2 + k 3 = const. While such slices are sufficient for scale-invariant primordial bispectra, late time bispectra typically have different triangle dependences at different overall scales k 1 + k 2 + k 3 . This motivates plotting late time bispectra on the full three-dimensional tetrapyd instead of plotting particular slices through the tetrapyd.
Instead of the unweighted bispectrum the so-called reduced bispectrum Q ≡ B δ /(P δ (k 1 )P δ (k 2 ) + 2perms) is often shown, because it reduces the dynamical range of the bispectrum and for the tree level gravitational contribution it is independent of time, overall scale and power spectrum normalisation and almost independent of cosmology [31] . Instead we will plot the signal to noise weighted bispectrum (top) and k 1 k 2 k 3 /[P δ (k 1 )P δ (k 2 )P δ (k 3 )] (bottom) evaluated with CAMB [28] at redshift z = 30 on slices with k 1 +k 2 +k 3 = 1h/Mpc. the scalar product defined in (38) [58] , visual similarity indicates a high shape correlation (39) and the dynamical range of the unweighted bispectrum is also greatly reduced, which is of advantage for plotting purposes. For linearly evolved primordial bispectra (24) , the signal to noise weighted bispectrum is time-independent in the linear regime.
Qualitatively the two weights are quite similar in the regime relevant for most plots of this paper, see Fig. 4 . However they differ in the squeezed limit, because for decreasing k 1 , P δ (k 1 )P δ (k 2 ) turns over at k 1 = k eq , whereas P δ (k 1 )P δ (k 2 )P δ (k 3 )/(k 1 k 2 k 3 ) turns constant where P (k 1 )/k 1 turns constant, which is on somewhat larger scales than k eq . While it is not straightforward to deduce the squeezed limit of an unweighted bispectrum from a plot of its weighted form, one can compare plots of different bispectra if they are weighted in the same way to deduce the relative behavior in the squeezed limit.
V. SIMULATION SETUP, INITIAL CONDITIONS AND VALIDATION
N -body simulations setup
We use the separable mode expansion method described in [26, 27] to generate realisations of the initial primordial potential Φ = −3R/5 during matter domination with the desired primordial power spectrum and bispectrum. For 512 3 particles this takes about 10 minutes per seed on one core and works for separable as well as non-separable bispectra, therefore being more general than other proposed methods [23, 25] . From Φ we calculate the linear density perturbation δ at the initial redshift of the simulation with the Poisson equation (2) . We then use this initial density perturbation to displace the initial particles from an unperturbed distribution with the 2LPT method [60, 61] , which also determines the initial particle velocities. Then the N -body code Gadget-3 [62, 63] simulates the time evolution until today and we use a cloud in cell scheme to calculate the density perturbation δ of the particle distribution on a grid at different redshifts. After deconvolving δ with the cloud in cell kernel we compute the power spectrum P δ and the coefficients β R n from (53) using n max = 50 modes. Finally we reconstruct the full bispectrum with (56) and calculate its normF NL (61) as well as its shape correlation C β,α (59) with theoretical bispectra and its nonlinear amplitude (52) . Table I lists the parameters of the N -body simulations that were performed in this work. All simulations assume a flat ΛCDM model with the WMAP-7 [1] parameters Ω b h 2 = 0.0226, Ω c h 2 = 0.11, Ω Λ = 0.734, h = 0.71, τ = 0.088, ∆ 2 R (k 0 ) = 2.43 × 10 −9 and n s (k 0 ) = 0.963, where k 0 = 0.002Mpc −1 . Note that the primordial power spectrum is given by P Φ (k) = (9/25) (2π
Regular grid vs glass initial conditions
For the unperturbed particle distribution, from which initial particles are displaced using the 2LPT method, we either use a regular grid or a glass configuration, which is obtained by placing particles randomly in the box and then evolving them with the sign of gravity flipped in Gadget-3 [63, 64] . A disadvantage of glass initial conditions is that they require generating a glass and specifying when the glass configuration has converged (see e.g. [65] for a discussion). In contrast, regular grid initial conditions are easier to set up but break statistical isotropy, which may have implications for structure formation. We will compare the different initial condition setups first for Gaussian and then non-Gaussian initial conditions. Table I . Parameters of N -body simulations: Non-linearity parameter fNL, box size L, number of particles per dimension Np, initial redshift of the simulations zi, softening length Ls and number of realisations (i.e. random seeds) Nr for each parameter set. 'glass' indicates if the initial particles were displaced from a regular grid or from a glass configuration. Initial conditions for non-local non-Gaussian simulations were generated with the separable method described in [26, 27] . All simulations use 2LPT [60, 61 ] to get the initial particle distribution, which is then evolved with Gadget-3 [62, 63] .
Measured bispectra for Gaussian N -body simulations will be shown in Fig. 14 in Section VI. Simulations started from glass and regular grid initial conditions are shown in Fig. 14a and Fig. 14b , respectively. At early times regular grid initial conditions produce a bispectrum which is more than three times as large as the tree level prediction. This significant spurious bispectrum is not present for glass initial conditions and must therefore be caused by the breaking of isotropy induced by the regular grid. Fig. 14b shows that the spurious bispectrum decays with time as the regular grid structure is washed out by the growing gravitational perturbations. At late times, z ≤ 3, the bispectra from regular grid and glass initial conditions differ by at most 10% in their cumulative signal to noise and by less than 0.5% in their shape correlation to the tree level prediction, see Fig. 14c .
We conclude that at the 10% accuracy level (for Gaussian simulations with L = 1600Mpc/h, 512 3 particles and k max = 0.5h/Mpc), both glass and regular grid initial conditions can be used to extract the gravitational bis- (c) Orthogonal Figure 5 . Impact of glass initial conditions on measured non-Gaussian bispectra in simulations Loc10, Eq100 and Orth100. We plot the ratio to simulations with regular grid initial conditions. The top panel contains error bars obtained by calculating the sample standard deviation of the ratio for each seed. We do not show error bars in the other panels because they depend on n β R n 2 sim and are therefore more difficult to estimate. However they should be similar to the errors in the top panel because of (43) . The large deviations in the bottom panel are mainly due to the different gravitational bispectra for glass and regular grid initial conditions as shown in Fig. 14c. pectrum from Gaussian simulations as long as the bispectrum is measured at low redshifts when the regular grid is washed out. The difference between regular grid and glass initial conditions decreases when reducing the cutoff k max used for the bispectrum estimation because then structures of the size of the grid separation are smoothed out.
For non-Gaussian simulations, Fig. 5 shows how glass initial conditions change the non-Gaussian excess bispectrumB NG (57) compared to regular grid initial conditions. At z ≤ 10 the shape ofB NG is consistent between glass and regular grid initial conditions at the 1.5% level for the simulations Loc10, Eq100 and Orth100. However, the total integrated bispectrumF NL differs by up to 7% for z ≤ 10. At earlier times the deviations are somewhat larger. Compared to the full gravitational bispectrum for Gaussian initial conditions shown in Fig. 14a , the impact of glass initial conditions onB NG is quite small, possibly because the spurious bispectrum due to the regular grid is partly subtracted out when calculatinĝ B NG =B −B Gauss .
Whether regular grid or glass initial conditions are representing the statistics of the non-Gaussian density perturbation more successfully is not unambiguous. Regular grid initial conditions introduce a spurious contribution to the full bispectrumB at early times, which can be avoided using glass initial conditions. However glass initial conditions represent the primordial contributionB NG slightly less accurately than regular grid initial conditions at the starting redshift of the simulation. However these effects impactB NG only at the O(5%) level at z ≤ 10, so that both glass or regular grid initial conditions can be used at this level of precision. As for Gaussian simulations the two initial condition methods agree better when k max is reduced (see Fig. 5 ) and grid discretization effects are minimized.
Validation and convergence tests
First we test the setup of the initial conditions and the N -body simulations by comparing the measured matter power spectrum with the power spectrum predicted by linear theory and by CAMB [28, 30] in Fig. 6 . Next we (red), G 512 400 (green), G512 (blue) and G512g (cyan) in comparison with power from linear perturbation theory (grey dashed) and CAMB (grey solid, [28, 30] ). See Table I perform a simple test of the bispectrum estimator by distributing particles randomly in a box and comparing the measured bispectrum with the pure shot noise bispectrum Fig. 7 . These two tests show that the basic setup of the simulations is correct and that the separable bispectrum estimator works well.
To check convergence of the N -body simulations and the bispectrum measurements we compare results for box sizes L = {1600, 400, 100}Mpc/h with N The measured late time bispectra are shown in Fig. 8 as functions of k max . Data points with the same k max measured in a low and high resolution simulation can differ in the plots because, for these data, k min differs by a factor of 4 and, therefore, the number of modes for the bispectrum estimation differs by a factor of 4 3 = 64, which affects particularly the cumulative signal to noise B . In contrast the quantityF B NL is normalised with respect to the linearly evolved local shape over the given range of scales and therefore takes differences in the number of modes into account. Thus the agreement of F B NL (and C β,α ) for the different simulations seen in Fig. 8 shows that the N -body simulations have converged and the bispectrum estimator gives consistent results.
It should be noted that the shown cumulative signal to noise takes only Gaussian noise into account, c.f. (41) . This simplification is not expected to be valid in the strongly nonlinear regime so that the correct signal to noise may differ significantly. However to assess this issue in a robust manner we need to run more realisations of the N -body simulations or use larger boxes with more particles.
Error bars
To obtain error bars for quantities based on the primordial contribution to the bispectrum, we use seed by seed subtracted coefficients β In real observations we do not know the realisation of our universe with perfectly Gaussian initial conditions and therefore error bars will be larger if we measure β R m − (β R m ) Gauss sim . We do not discuss the interesting issue of observability of primordial non-Gaussianity here, because instead of dark matter bispectra this requires halo bispectra, which we leave for future work (but see [17] for the local shape). 
(a) Gaussian , Loc10, Loc10 {400,100} , Eq100 and Eq100 {400,100} ). (a) Top panel: Projection of measured bispectrum on the tree level prediction (7) (squares) and on the fitting formula from [14] (circles). Middle panels: Cumulative signal to noise of measured bispectrum (squares/circles), tree level prediction (7) (dashed lines) and fitting formula from [14] (solid lines). Bottom panel: Shape correlation of measured bispectrum with tree level prediction (squares) and fitting formula from [14] 
VI. GRAVITATIONAL BISPECTRUM RESULTS
Gravitational collapse and bispectrum evolution
The cosmic web simulated by N -body simulations has a complex filamentary structure, which is illustrated in Fig. 9a . The bispectrum of this dark matter distribution is shown in Fig. 9b . In the following we will discuss how the bispectrum can be used as a quantitative tool to characterise the structures formed by gravitational collapse and to study modifications due to primordial nonGaussianity. We will demonstrate the unbiasedness of our bispectrum estimator by comparison with perturbation theory for large scales at early times.
We can develop a qualitative and visual understanding of the bispectrum by comparing it to the form of largescale structures. Fig. 10 shows snapshots of the dark matter distribution at redshifts z = 4, 2 and 0 on the left and the corresponding measured bispectrum signal on the right. It is apparent that the shape of the bispectrum characterises the three-dimensional structures that have formed. The diffuse blob-and pancake-like structures at early times, z = 4, correspond to a flattened bispectrum, which peaks at the edges of the tetrapyd and is predicted by leading order perturbation theory. At later times we find that filaments and clusters induce a bispectrum with a relatively enhanced signal for equilateral triangle configurations, as expected from sections II and III. As illustrated in Fig. 11 , the bispectrum signal shows a similar transition for varying overall scale k 1 +k 2 +k 3 at fixed time z = 0, which indicates self-similar behaviour.
Comparison with leading order PT
On large scales and at early times we expect the gravitational bispectrum to agree with leading order perturbation theory (7) . To test this Fig. 12a shows the β the expansion coefficients α R n (44) of the tree level gravity bispectrum (7) . The corresponding theoretical and estimated bispectra (56) are plotted over the full tetrapyd in Fig. 3 for z = 30 and Fig. 13 for z = 2 and z = 0. At early times, z = 30, the bispectrum agrees with tree level perturbation theory (7) , which predicts that the signal to noise weighted bispectrum is large for folded and elongated configurations but is suppressed in the squeezed limit. However at z = 0 for k 0.25h/Mpc the N -body bispectrum has an enhanced amplitude for elongated configurations and an additional equilateral contribution not captured by tree level perturbation theory, which breaks down on these scales as expected.
To analyse the measured bispectrum more quantitatively and to illustrate its time and scale dependence we show in Fig. 14 the measured amplitude f grav NL of the gravitational bispectrum, its cumulative signal to noise B (40) and the cumulative signal to noise normalised to the local shapeF NL (42), as well as the shape correlation C (39) of the measured bispectra with the theoretical expectation. The meaning of these quantities is illustrated in Fig. 14f . We plot them as functions of redshift z and use different colors for different k ranges used for the bispectrum measurements. Note that f grav NL is the amplitude of the gravitational bispectrum (7), i.e. tree level perturbation theory predicts f grav NL = 1 in this convention. Fig. 14a and Fig. 14b show that for 0.0039h/Mpc ≤ k ≤ 0.5h/Mpc at z = 0 the tree level bispectrum underpredicts the total integrated bispectrumF NL by a factor of 2.8 and its shape correlation with the measured bispectrum drops to 0.84, implying that the projection of the measured bispecrum on the tree level bispectrum is f grav NL = 2.3. At larger scales the tree level bispectrum describes the measured bispectra much more accurately until late times, as expected. Similar plots for Gaussian N -body simulations with 768 3 and 1024 3 particles are shown in Fig. 14d and Fig. 14e , demonstrating again the expected break down of tree level perturbation theory on small scales at late times.
Fitting formulae for Gaussian simulations
Separable polynomial expansion
The separable mode expansion allowed us to compress the measured N -body dark matter bispectra to n max = 50 numbers β R n at each redshift. The first ten of these coefficients are listed in Table II and can be used as a polynomial fitting formula of the matter bispectrum by evaluating (56) . The orthogonal contributions B R n appearing in (56) were defined in (51) and contain the nonlinear power spectrum P δ as well as the orthogonal polynomials R n , which can be obtained from Q n , defined in (48) , by the basis change 9 R n = m λ nm Q m . Figure 11 . Bispectrum slices at fixed redshift z = 0 for different overall wavenumbers ksum = k 1 + k 2 + k 3 . For ksum ≤ 1h/Mpc (upper row) the bispectrum signal dominates for flattened configurations, while an enhanced equilateral contribution clearly emerges for ksum = 2h/Mpc (bottom left). For ksum = 4h/Mpc (bottom right) the signal is large for all triangle configurations away from the squeezed limit, that is, it is nearly constant. The slices show signal to noise weighted bispectra measured in Gaussian simulations (a) G512g and (b) G 512 400 .
The polynomials Q n were sorted with the slice ordering defined in Eq. (58) of [8] .
Time-shift model fit
We find a remarkably accurate fit to the matter bispectrum for Gaussian initial conditions by combining the modified tree level gravity shape B grav δ,NL , defined in (8), with the 'constant' model B grav δ,const , defined in (14) , which approximates the 1-halo shape, that is,
with fitting parameters c 1 and n h . The combined shape (63) is dominated by the perturbative gravity bispectrum at early times and by the constant or (approximate) halo model prediction at late (53) for the Gaussian simulations G512 compared to expansion coefficients α R n of the tree level gravitational bispectrum (7). (b) β R n − (β R n ) Gauss measured in Loc10 simulations with f loc NL = 10 compared to α R n coefficients of the linearly evolved local shape (see (24) and (31)). β's were calculated using all modes δ k with 0.0039h/Mpc ≤ k ≤ 0.5h/Mpc. For better visibility the region under the α R n curves is colored green.
times. We will demonstrate that this combination can achieve a good fit of the matter bispectrum at all redshifts z ≤ 20, while both the perturbative and the halo model prediction individually break down at intermediate redshifts, when nonlinearities are important but not all dark matter particles can be treated as residing in halos.
The fitting parameters c 1 and n h in (14) are obtained as follows. At each measured redshift the arbitrary weight w(z) in
is analytically determined such that the correlation with the measured bispectrum C(B δ , B opt δ ) is maximal (see green lines in Fig. 15 ). Then c 1 and n h are chosen such that c 1D n h (z) approximates the optimal weight w(z) over all redshifts (see black dashed lines in Fig. 15 ). Table  III lists the fitting parameters obtained by this procedure.
The shape correlation of the fitting formula (63) with the measured bispectrum is 99.8% or better at redshifts z ≤ 20 for both k max = 0.5h/Mpc and k max = 2h/Mpc Figure 13 . Comparison of measured N -body bispectra (56) (on the right in each black cell) with separable expansion of tree level theory (44) (on the left in each black cell) for simulations G512b, Loc10, Eq100, Orth100 and Flat10 at redshifts z = 2 and z = 0. The plot axes are k1, k2, k3 ≤ 0.5h/Mpc and we plot signal to noise weighted bispectra k1k2k3/(P δ (k1)P δ (k2)P δ (k3))B δ (see Fig. 3 for comparisons at z = 30 and further descriptions of the plots). Table I ) as a function of redshift. Upper panels: Amplitude f grav NL of the tree level gravitational bispectrum (7) (squares), normalised to unity if the tree level prediction is correct, and amplitude of the fitting formula from [14] (circles). Middle panels: Total integrated bispectrum (61) of measured bispectrum (symbols), tree level prediction (dashed lines) and fitting formula by [14] (solid lines). Lower panels: Shape correlation (59) of reconstructed bispectrum with separable expansions of tree level theory (squares) and fitting formula from [14] (circles). Colors indicate different k ranges for the bispectrum estimation. The plotted quantities are visualised in (f). (14) with fitting parameters given in Table III, illustrating that w(z) = c 1D n h (z) is a good approximation. The continuous black and red curves show B fit δ from (63) and the estimated bispectrum size B δ , respectively. The overall normalisation can be adjusted with N fit as explained in the main text.
Loc10
Eq100 Orth100 Flat10 Table II . First 10 bispectrum expansion coefficients β R n from N -body simulations specified in Table I for z = 0. For simulations with non-Gaussian initial conditions we show the difference to the Gaussian simulation, (β
The shape correlation between the full measured bispectrum (56) for 50 modes and the bispectrum corresponding to the shown first 10 modes is 99.7%, 99.2%, 99.95%, 95.8%, 99.7% and 99.9% for the columns from the left to the right. We used kmax = 0.86h/Mpc for the G as shown in the upper panels of Fig. 16 . The model (63) , therefore, contains all the meaningful bispectrum shape information. All we require is the time dependence or growth rate of the bispectrum amplitude. As a first step, the fitting formula (64) can be normalised to the measured bispectrum size by multiplying it with the normalisation factor Table III . Fitting parameters c1 and n h for the fit (63) of the matter bispectrum for Gaussian initial conditions (simulations G512g and G 512 400 ) and c2 and n prim h for the fit (68) of the primordial bispectrum (57) . The two columns on the right show the minimum shape correlation with the measured (excess) bispectrum in N -body simulations, which was measured at redshifts z = 49, 30, 20, 10, 9, 8, . . . , 0, and the shape correlation at z = 0. For the equilateral case the minimum shape correlation can be improved to 99.4% if the term 4.6 × 10
2 (k1, k2) + 2 perms is added to (68) .
which is shown by the dotted line in the lower panels of Fig. 16 . While it varies with redshift between 0.7 and 1.4 for k max = 2h/Mpc, it deviates by at most 8% from unity for k max = 0.5h/Mpc. The lower panels also show the measured integrated bispectrum size B and the two individual contributions to (63) when the normalisation factor N fit is included. These quantities are divided by B grav δ,NL for convenience. At high redshifts the total bispectrum size is essentially given by the contribution from B grav δ,NL , which equals the tree level prediction for the gravitational bispectrum in this regime. The contribution from B const δ dominates at z ≤ 2 for k max = 2h/Mpc when filamentary and spherical nonlinear structures are apparent. A similar transition can be seen at later times on larger scales in Fig. 16a , indicating self-similar behaviour.
It is worth noting that the high integrated correlation between the simple fit (63) and measurements does not imply that all triangle configurations agree perfectly and sub-percent level differences between shape correlations can in principle contain important information, e.g. about the observationally relevant squeezed limit which only makes a small contribution to the total tetrapyd integral over the signal-to-noise weighted dark matter bispectrum. However, if we observed the dark matter bispectrum directly, these shapes would be hard to distinguish because the shape correlation contains the signal-to-noise weighting. Modified shape correlation weights and additional basis functions have been used for better quantitative comparison of the squeezed limit of dark matter bispectra, but this is left for a future publication.
Alternative phenomenological fit
An alternative fitting formula with 9 fitting parameters and calibrated on larger scales was given in [14] and summarised in this paper in Section III. In the range of validity given by [14] , 0.03h/Mpc ≤ k ≤ 0.4h/Mpc at 0 ≤ z ≤ 1.5, we find good agreement with our N -body measurements, see green circles in Fig. 14d and Fig. 14e . Without having to run N -body simulations with higher resolutions, we extended the bispectrum measurement to k max = 0.86h/Mpc with the fast separable estimator, see red symbols in Fig. 14d and Fig. 14e . In this extended regime the fitting formula of [14] still has a shape correlation of 99.5% or more with the measured bispectrum at z ≤ 1.5, but underestimates the cumulative signal to noise by up to 11%. Our measured β R n coefficients or our simple fit (63) can be used as alternative fitting formulae for the gravitational bispectrum valid to smaller scales, k max ≤ 2h/Mpc, and for all redshifts z ≤ 20.
Halo model
The halo model prediction for the Gaussian dark matter bispectrum yields a remarkably high shape correlation of more than 99.7% with the measured bispectrum at z = 0 for k max = 2h/Mpc. While the halo model bispectrum has been tested on some one-dimensional slices in [37] and on larger scales in [38] , the result presented here demonstrates that at z = 0 the halo model shape is a good representation of the shape measured in N -body simulations over the full tetrapyd allowed by the triangle condition. At higher redshifts, when less dark matter resides in halos, the halo model prediction becomes worse and alternative phenomenological approaches like the ones discussed above yield higher shape correlations with the measured bispectrum. A more thorough examination of the halo model will be presented in [35] .
VII. PRIMORDIAL NON-GAUSSIAN BISPECTRUM RESULTS
Primordial bispectrum measurements
We have set up and evolved non-Gaussian initial conditions for local models with f loc NL = −10, 10, 20, 50 using (30) , for equilateral models with f eq NL = ±100, for orthogonal models with f orth NL = ±100 and for the flattened model with f flat NL = 10 using separable expansions as in [26, 27] . Detailed parameters for the N -body simulations are given in Table I .
Local shape
In Fig. 12b we show comparisons of the measured β R n −(β R n ) Gauss coefficients with the expansion coefficients α R n of the linearly evolved primordial bispectrum (24) for f loc NL = 10, finding good agreement at early times, but deviations at late times which are scale-dependent. The most obvious feature as we consider increasingly nonlinear wavenumbers is the emergence of a large constant or equilateral signal. Indeed Fig. 13 shows this signal on small scales with the late time bispectrum also exhibiting an enhanced signal in the squeezed limit.
In Fig. 17a we plot the projection f loc NL of the measured non-Gaussian bispectrumB NG on the linearly evolved primordial bispectrum (see (24) and (31)), their shape correlation C β,α , cumulative signal to noise B NG and total integrated bispectrum normalised to the local shape,FB NG NL . We also show the shape correlation C NG,G betweenB NG and the bispectrum measured in Gaussian simulations. For z = 0 and k ∈ [0.0039, 0.5] h/Mpc the linearly evolved primordial bispectrum underpredicts the measured cumulative signal to noise B NG by a factor of 8 and has a shape correlation with the measured bispectrum of about 0.6, implying that the projection f loc NL is about 4.8 times the input value of f loc NL = 10. The green and blue symbols in Fig. 17a show that tree level perturbation theory improves if we consider larger scales, as expected.
Other shapes
We also run simulations with equilateral, orthogonal and flattened non-Gaussian initial conditions using the separable expansion method [26, 27] . Bispectrum measurements are shown in Figures 3, 13 , 17 and 18. As in the local case we find agreement with tree level perturbation theory at all times on large scales. However on small scales and at late times, Fig. 13 shows that the measured bispectrum for equilateral initial conditions has additional equilateral and flattened contributions compared to the linearly evolved input bispectrum (24) . For initial conditions with the f orth NL = 100 orthogonal shape, which is positive for equilateral configurations and negative for flattened and squeezed configurations, we find that the late time small scale bispectrum turns slightly negative for equilateral configurations and is more negative in flattened and squeezed configurations than the linearly evolved input bispectrum. The bispectrum from flattened initial conditions shows additional contributions for squeezed, equilateral and flattened configurations compared to the tree level prediction. For orthogonal and flattened initial conditions the late time bispectra have a large signal in the squeezed limit, leading to possible confusion with local shape initial conditions (with negative f . However scale dependent halo bias is sensitive to the scaling in the squeezed limit and can therefore help to disentangle such shapes (see e.g. [10, 24] ).
It is worth noting that the shape correlation C β,α between measured and input bispectra drops as we reduce k max already at the initial time of the simulations, e.g. C β,α ≈ 0.95 for k max = 0.13h/Mpc in the equilateral case. This indicates that the initial conditions generated with a separable mode expansion -which are generated at k max = 0.5h/Mpc -are not a perfect fit to the shape when restricted to large scales. This is to be expected since the expansion is optimised to fit the total cumulative signal to noise up to k max = 0.5h/Mpc. There are however several possibilities of further improving the initial conditions on large scales. One could add basis functions which are localised on large scales or one could introduce optimised separable weighting functions in the mode expansions. This would be particularly important for examining halo bias which is very sensitive to the squeezed limit and therefore to large scale modes. However for studying the global behaviour of the dark matter bispectrum we find it acceptable that the shape of the initial conditions is not perfect on very large scales and leave further improvements of the initial conditions for future work. 
Loop corrections for primordial non-Gaussianity
As is apparent from Figures 13, 17 and 18 , the tree level prediction for the non-Gaussian matter bispectrum breaks down for small scales and low redshift. The inclusion of loop corrections described in [11] is expected to improve the fit at such scales and redshifts. First results on the correlation between the observations and theoretical prediction C β,α indicate that 1-loop corrections can vastly improve the shape correlation in the nonlinear regime to O(0.8 − 0.9), while shape correlations of more than 0.9 at k = 0.5h/Mpc and z = 0 may require higher order loop corrections. However we defer a detailed analysis of loop corrections and more phenomenological halo model approaches to a forthcoming paper.
Linearity in input fNL
We test if O(f Fig. 19a (with box size L = 1600Mpc/h). The curves in all three panels would be exactly unity in case of perfect linearity in the input f NL . Deviations from linearity are at most 1%.
In case of equilateral and orthogonal initial conditions we compare simulations with input f NL = ±100. The equilateral shape gives similar results to the local shape, see Fig. 19b . For the orthogonal shape the shape correlation between theory and measurements deviates from linearity in the input f NL by about 3% at z = 0 for k max = 0.5h/Mpc and the total integrated bispectrum differs by less than 5%. These two effects cancel each other approximately so that the measured projection f 
Fitting formulae for non-Gaussian simulations
Separable polynomial fits
Matter bispectra for non-Gaussian initial conditions of the local, equilateral, orthogonal and flattened type are described by the β R n coefficients in Table II . These polynomial fitting formulae can serve as a starting point for future work that relies on non-Gaussian dark matter bispectra in the nonlinear regime.
Time-shift model fits
Simple fitting formulae for the primordial contribution to the matter bispectrum can be successfully obtained from the halo time-shift model described in section III. Before discussing this fit in detail, we perform a simple consistency check of the basic idea of the model. The relatively fast growth of the constant bispectrum implies that it constitutes the dominant contribution to the nonGaussian bispectrum B NG at sufficiently small scales and late time z late . The amplitude of this constant bispectrum is related to the projection of the non-Gaussian bispectrum B NG on the constant shape at the time z early when halos start to form (and thereafter). Hence we expect that
This simple expectation is approximately seen in Fig. 20a for the local, equilateral and flattened shapes, confirming the basic idea of the time-shift model. The fact that the orthogonal shape deviates somewhat could be related to the change of sign of the orthogonal shape for different triangle configurations. Note that relation (67) and Fig. 20a are interesting results on their own because they show that the relative growth of the non-Gaussian bispectrum can be predicted from its correlation with the constant shape at early times. Fig. 20b illustrates the absolute values of the measured bispectrum sizes which were used to produce Fig. 20a .
In detail, the simple fitting formulae for the nonGaussian bispectra are obtained by combining the partially loop-corrected tree level expression (25) with the constant shape (28) as
The fitting parameters c 2 and n prim h in (28) are listed in Table III . Similar to the Gaussian case they were obtained by analytically determining the optimal weight w(z) for the 'constant' (k 1 + k 2 + k 3 ) ν contribution and approximating this with c 2D (z) n prim h (see green and black dashed lines in Fig. 21 ). As expected from Section III we find n prim h = n h − 1 for local, equilateral and flattened initial conditions. Table III also shows the shape correlation with the measured excess bispectrum (57) . These shape correlations are remarkably good given the simplicity of (68), especially for local, equilateral and flattened initial conditions. The impact of the orthogonal shape on the matter bispectrum seems to be somewhat harder to model, which is reflected in the fact that our simple model performs worse for this shape. This is expected because the orthogonal shape contains almost no constant component, the dominant evolution of which is the basis for the simple time-shift model. While the integrated bispectrum sizeF NL of the fitting formulae is consistent with the measured bispectrum size at high redshift and at z = 0, it underestimates the measured size at the 10 − 20% level at intermediate redshifts for k max = 0.5h/Mpc. This could be improved by adding more shapes or by using a redshift-dependent normalisation factor in (68) similar to the N fit factor in the Gaus- sian case. On smaller scales, k max = 2h/Mpc, the nonGaussian fitting formulae provide a less accurate overall fit, but we also list them in Table III for completeness and because the correlations at z = 0 are quite high.
It should be noted that simple fits like the ones presented here may be somewhat more important in the mildly nonlinear regime than in the strongly nonlinear regime because the halo model (extended to nonGaussian initial conditions) should be able to describe the strongly nonlinear regime. We leave more accurate extensions of the simple fits for non-Gaussian initial conditions and more quantitative comparisons with loop corrections and halo model predictions for future work [35] .
Redshift at which 1-halo contribution becomes important
We determine the redshift z * at which the approximate 1-halo bispectrum B 
For k max = 0.5h/Mpc we find z * = 3.5, 3.3, 4.3 for local, equilateral and flattened initial conditions, respectively. For k max = 2h/Mpc we find instead z * = 8.5, 8 and 9.6 for the same initial conditions. The orthogonal shape has almost no constant part. We therefore get somewhat different values of z * = 5.5 and 11 for k max = 0.5h/Mpc and k max = 2h/Mpc, respectively. This demonstrates that the time at which nonlinear structures contribute significantly to the perturbative prediction for the primordial bispectrum is earlier on smaller scales.
VIII. SUMMARY AND CONCLUSIONS
We have presented an implementation of a bispectrum estimator for N -body simulations using a separable modal expansion of the bispectrum as described in [26] . While a brute force estimation of the full bispectrum is computationally expensive, requiring O(N 6 ) operations for N particles per dimension, we find that the gravitational and the most prominent primordial bispectra can be approximated by only n max = O(50) separable basis functions (for the range of scales relevant for N -body simulations). The bispectrum projection on the corresponding subspace of all possible bispectra is estimated with O(n max N 3 ) operations, which is faster than brute force estimation by a factor of O(N 3 /n max ) ∼ O(10 7 ) for typical simulations. Thus the computational cost for accurate 3D bispectrum estimation is almost negligible compared to the cost for running the N -body simulations (e.g. we can estimate the full bispectrum of a 1024 3 grid up to k max = N 4 2π L in one hour on only 6 cores). This allows us to estimate the bispectrum as a standard simulation diagnostic whenever the power spectrum is measured. Expressing the bispectrum using its n max separable components yields a radical compression of data which simplifies further analysis like comparisons between theory and simulations. The separable bispectrum estimator therefore provides a very useful additional statistic characterising the formation of structures in N -body simulations, with high sensitivity to different shapes of primordial non-Gaussianity corresponding to different models of inflation.
We have performed many N -body simulations with Gaussian initial conditions as well as non-Gaussian initial conditions of the local, equilateral, orthogonal and (nonseparable) flattened shape, exploiting the separable bispectrum expansion for efficient generation of initial conditions as described for primordial fields in [26, 27] . On large scales the measured gravitational and primordial bispectra agree with leading order perturbation theory and with measurements for Gaussian initial conditions by [14] in the mildly nonlinear regime, demonstrating the unbiasedness of the estimator and the initial conditions. In the nonlinear regime, the gravitational bispectrum becomes dominated by a large 'constant' signal receiving elongated and equilateral contributions not captured by tree level perturbation theory. However, it remains suppressed in the squeezed limit, where primordial bispectrum signals can peak (see Fig. 13 ).
Our measured N -body bispectra for Gaussian and nonGaussian simulations can be expressed by 50 components β R n , which we provide in Table II for the key models. They can be used as fitting formulae for the gravitational and primordial bispectrum in the nonlinear regime.
Less accurate but simpler fitting formulae are obtained by modeling the bispectrum as a combination of partially loop-corrected perturbative bispectra and a simple 'constant' bispectrum, which is constant on slices k i = const. and which is obtained as an approximation to the 1-halo bispectrum. While the former contribution dominates on large scales and early times, the latter constant contribution dominates in the nonlinear regime. Interpreting the effect of primordial non-Gaussianity on the constant bispectrum contribution as a time-shift with respect to Gaussian simulations allows us to model the time dependence of the constant bispectrum contribution for non-Gaussian initial conditions. For Gaussian initial conditions, the simple fits achieve a shape correlation of at least 99.8% with the measured gravitational bispectrum for z ≤ 20 and k max = {0.5, 2}h/Mpc. For local, equilateral and flattened non-Gaussian initial conditions the primordial bispectrum is fitted with a shape correlation of at least 97.9% at z = 0 and at least 94.4% for z ≤ 20 (with correlation typically 98% for most shapes and redshifts, see Table III ). The impact of the orthogonal shape seems to be somewhat harder to model, because it does not have a constant component initially, but our simple fit still achieves correlations of at least 91% for z ≤ 20.
Throughout this work we have visualised the measured bispectra in three-dimensional tetrapyd plots [8] , which show the bispectrum shape and amplitude at different length scales and generalise commonly used plots of oneor two-dimensional slices through the tetrapyd volume. For a more quantitative analysis, particularly to test analytic predictions and fitting formulae, we have made extensive use of full three-dimensional shape correlations, the cumulative signal-to-noise of the bispectra and their projection f NL on theoretical shapes. These quantities have been evaluated extremely efficiently using the bispectrum components obtained from the separable estimator.
We find that regular grid initial conditions produce an initial spurious bispectrum due to the anisotropy of the regular grid, which can be avoided by using glass initial conditions. However the difference between regular grid and glass initial conditions decreases with time as gravitational perturbations grow such that both initial conditions yield similar results at late times. Effects of order f 2 NL were shown to affect the bispectrum measurements by less than 5% in our large scale simulations.
Clearly, further work is required to study the effects of general primordial non-Gaussianity on observable quantities like the bispectrum of galaxies, particularly in the nonlinear regime. However the present work represents, we believe, an important step forward in the understanding of structure formation in the presence of primordial non-Gaussianity and the search for primordial nonGaussianity in large scale structures.
